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Fig. 4 Rendezvous trajectory: ODRRCA-based scheme.

Fig. 5 Round � ight trajectory:
combined scheme.

also small. A cost to pay is the relatively complex two-component
propulsion system needed.

Combined Scheme
This scheme is a combinationof the two precedingones. The en-

tire rendezvousoperation is divided into two steps. In the � rst step,
which is called the main part and starts at the beginningof the termi-
nal rendezvous,theRRCA-basedschemeis applieduntil themaneu-
vering spacecraftarrivesat a designedend distance(for example,50
m) from the target spacecraft.At this moment the secondstep,called
the round � ight, begins. In this step, the ODRRCA-based scheme
takes the place of the RRCA-based scheme. By properly setting the
sign and magnitude of k near zero, the distance between the two
spacecraft does not change signi� cantly. Rather, the maneuvering
spacecraft � ies by the target spacecraft and � nally stops at a desir-
able position, determined by the parameter ’d . The value of ’d is
assigned by the mission designer. The trajectory in the main part
of the combined scheme is the same as shown in Fig. 3, and Fig. 5
shows the round � ight part of the trajectory.The combined scheme
preserves the advantages of the two previous schemes with fewer
complications of the propulsion system.

Conclusions
The RRCA and the ODRRCA are nonlinear control algorithms.

They are, in particular, suitable for the control of the relative mo-
tion between two spacecraft such as the tethered satellitemaneuver,
space rendezvous,etc. Based on these algorithms, three generalized
control schemes for terminal rendezvous have been proposed: the
RRCA-based scheme, the ODRRCA-based scheme, and the com-
bined scheme. Various rendezvous missions in both circular and
elliptic orbits can be carried out by these schemes with variable-

thrust or � xed-thrust engines. For a typical terminal rendezvous
started at a separation distance of 100 km, the fuel consumption of
the maneuvering spacecraft with initial mass of 7800 kg is about
175 kg, and the time required to complete the rendezvous is about
220 min. The distance between two spacecraft as well as the dis-
tance rate decrease in an exponentialmanner, while the rendezvous
trajectory can be placed in a desirable position to meet the mission
requirements.
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I. Introduction

W HEN the components of two abstract vectors are given in
two different coordinate systems, it is possible to � nd the

orientation difference between the two systems. In particular, we
can easily � nd the transformation matrix from one coordinate sys-
tem to the other. TRIAD1;2 is an algorithm that does just that. The
process of � nding the matrix using TRIAD is as follows.Let w1 and
w2 denote the column matrices whose elements are, respectively,
the components of the two abstract vectors when resolved in one
coordinate system (typically a body frame), and let v1 and v2 denote
the column matrices whose elements are, respectively, the compo-
nents of the abstract vectors when resolved in the other coordinate
system (typically a reference frame). The algorithm calls for the
computation of the following column matrices in the body frame:

r1 D w1=jw1j (1a)

r2 D
.r1 £ w2/

jr1 £ w2j
(1b)

r3 D r1 £ r2 (1c)
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and the following corresponding column matrices in the reference
frame:

s1 D v1=jv1j (2a)

s2 D .s1 £ v2/

js1 £ v2j
(2b)

s3 D s1 £ s2 (2c)

Then the attitude matrix A that transforms a vector from the body
frame to the reference frame is computed as follows:

A D r1 ¢ sT
1 C r2 ¢ sT

2 C r3 ¢ sT
3 (3)

where T denotes the transpose.
Following the process indicatedin Eqs. (1) and (2), we realize that

the vector that is designated � rst is normalized, but otherwise re-
mains intact, whereas the other vector serves as a means to de� ne
the second vector in the triad pair, which determines the attitude.
There is, therefore, a biased considerationof the two vectors where
the � rst is given a preference in the determination of A. We say
that the � rst vector serves as an anchor in the computation of the
transformationmatrix. It is, indeed, a good engineering practice to
use the vector measured by the most accurate device as the anchor
vector. For example, it is very logical to use the vector measured
by a star tracker as the anchor when the other vector is measured
by magnetometers.However, we show in this Note that the TRIAD
solution is not optimal, and we develop a new algorithm, called the
Optimized TRIAD, which provides an improved solution.

II. Optimized TRIAD
The accuracy of each vector-measuring device is quanti� ed by

the standard deviation of its error. The vector measured by a star
tracker is assigned a standard deviation smaller than that assigned
to a magnetometer, for example. Borrowing this notion, we assign
a standard deviation to the TRIAD-computed attitude matrix that
corresponds to the standard deviation of the anchor vector used in
computing the matrix. Therefore, the attitude matrix A1, in whose
computation vector number 1 is used as the anchor, is assigned the
standarddeviation¾1, which is the standarddeviationof vectornum-
ber 1. Similarly, if vector number 2 serves as the anchor, we denote
the computed attitude matrix by A2 and assign to it the standard
deviation ¾2, which is the standard deviation of vector number 2.
Actually, because the computation that yields the matrix is nonlin-
ear and is based on both vectors, there is no simple linear relation
between the standard deviation of the anchor vector and that of the
resulting matrix, but because we are concerned only with the rela-
tive accuraciesof A1 and A2 , the expressionof their accuracy by ¾1

and ¾2, respectively,well � ts our � nal purpose.
It is well known that when y1 and y2 are independent unbiased

scalarmeasurementsof an unknown scalar x and their measurement
errors have standard deviations ¾1 and ¾2, respectively, then Ox , the
linear unbiased minimum variance estimate of x , is given by3

Ox D
¾ 2

2

¾ 2
1 C ¾ 2

2

y1 C
¾ 2

1

¾ 2
1 C ¾ 2

2

y2 (4)

The use of this algorithm implies that we know both ¾1 and ¾2. We
have to ask ourselves how good the estimate is when this is not the
case. To answer this question, let us assume that we use the wrong
standard deviation s1 instead of the correct value ¾1 and, similarly,
we use s2 insteadof ¾2. Then insteadof the estimategivenbyEq. (4),
we obtain

Ox D
s2

2

s2
1 C s2

2

y1 C
s2

1

s2
1 C s2

2

y2 (5)

De� ning k1 D s2
2=.s2

1 C s2
2/, Eq. (5) can be written as

Ox D k1 y1 C .1 ¡ k1/y2 (6)

a) ¾1 À ¾2 b) ¾1 ¼ ¾2

Fig. 1 Relationship between the variance of the estimate and k1.

De� ning the estimation error e as Ox ¡ x , it is easy to show that O¾ 2,
the variance of Ox , is

O¾ 2 D k2
1¾ 2

1 C .1 ¡ k1/
2¾ 2

2 (7)

or

O¾ 2 D
¡
¾ 2

1 C ¾ 2
2

¢
k2

1 ¡ 2¾ 2
2k1 C ¾ 2

2 (8)

Obviously, the minimum (optimal) O¾ 2 is achieved when

k1 D k1;opt D ¾ 2
2

¾ 2
1 C ¾ 2

2

(9)

Then by substitution of Eq. (9) into Eq. (8), we have

O¾ 2 D O¾ 2
opt D

¾ 2
1¾

2
2

¾ 2
1 C ¾ 2

2

(10)

From the de� nition of k1 it is clear that 0 · k1 · 1 whether or not
s1 and s2 are the correct respectivevalues of ¾1 and ¾2 . From Eq. (8)
it is also clear that the curve that describes the functional relation
between O¾ 2 and k1 is a parabola.Two cases of this parabola are pre-
sented in Figs. 1a and 1b. In Fig. 1a there is a big differencebetween
the accuracy of the measuring devices. Therefore, ¾ 2

1 (which, with
no loss of generality,we assume to be the larger of the two) is much
bigger than ¾ 2

2 . In Fig. 1b, ¾ 2
1 is close to ¾ 2

2 . From the de� nition of
k1 and the two cases presented in Fig. 1, one can easily arrive at the
following conclusions.

1) When one uses the correct standard deviations in Eq. (5),
k1 D k1;opt and O¾ D O¾opt.

2) Because 0 · k1 · 1, then O¾ · ¾1 (assuming, as before, that
¾1 is the larger standard deviation).

3) The gain k1 depends on the ratio s1=s2 and not on s1 and s2

themselves.
4) When ¾1 ¼ ¾2, then for almost any ratio s1=s2 one obtains

O¾ · ¾2 (see Fig. 1b); that is, in this case, the sensitivity of the esti-
mator to a wrong ratio is small.

5) If the ratio s1=s2 is not far from the ratio ¾1=¾2 , then even when
¾2 ¿ ¾1 (see Fig. 1a), almost always O¾ · ¾2 and certainly O¾ · ¾1.

We conclude from the preceding analysis that the algorithm of
Eq. (4) is fairly robust to errors in the measurement statistics.

Following Eq. (4), we postulate that given A1, with its assigned
standard deviation ¾1 , and A2, with its assigned standard deviation
¾2 , we can � nd OA0, an estimate of A that is better than either A1 or
A2 , when using the estimator of Eq. (4); that is,

OA0 D ¾ 2
2

¾ 2
1 C ¾ 2

2

A1 C ¾ 2
1

¾ 2
1 C ¾ 2

2

A2 (11)

An interesting aspect of this estimator [as well as that of Eq. (4)] is
the conclusionthat proper blending of the worse result with the bet-
ter may yield an estimate whose accuracy is greater than that of the
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better (see Fig. 1). Because OA0 is a result of the additionof functions
of two orthogonalmatrices, it is not necessarilyorthogonal,and thus
is not a legitimate attitude matrix unless it is orthogonalized.How-
ever, because OA0 is close to being orthogonal,one orthogonalization
cycle, as described in Ref. 4, suf� ces:

OA D 0:5[ OA0 C . OA0¡1/T ] (12)

Note that the inversion of OA0 is an easy task since the inverse of a
3 £ 3 matrix can be computed analytically. It is cumbersome, if not
impossible, to prove analytically that OA is better than either A1 or
A2; however, we can try to show it empirically, as demonstrated in
the next section.

III. Algorithm Testing
A. Static Testing

In the static testing,we chosesome � xedattitudematrix, Atrue , and
the components of the unit vectors v1 and v2 (two abstract vectors
resolved in the reference system). Then Atrue was used to transform
v1 and v2 to the body system. To each component of the latter we
added white measurementnoise drawn from a randomnumber gen-
erator. The added noise was unbiased and had a standard deviation
¾1 D 0:2 for the noise added to the components of the transformed
v1 and ¾2 D 0:1 for the noise added to the components of the trans-
formed v2. The noisycolumnmatricesweredesignatedas w1 and w2.
TRIAD was then applied to the four column matrices as described
in the preceding section, once when vector number 1 was used as
the anchor and once when the other was used as the anchor. This
generated the attitude matrices A1 and A2 respectively,which then
were used in Eqs. (11) and (12) to generate OA0 and the optimized or-
thogonalmatrix OA. The quaternionscorrespondingto Atrue; A1; A2,
and OA were computed and denoted by qtrue; q1; q2, and Oq, respec-
tively.The error quaternionof each transformationwas computedas
follows:

±q D q¡1 ­qtrue (13)

where ­denotes quaternionmultiplication.Therefore, when q cor-
responded to q1 we obtained ±q1, when q corresponded to q2 we
obtained ±q2 , and when q corresponded to Oq we obtained ± Oq. [Note
that with the choice of Eq. (13) for computing the erroneousquater-
nion, we assume that ±q is the transformation quaternion from the
erroneous to the true coordinatesystem.] Finally, we extracted from
each ±q the correspondingrotationangle±’. We thus have expressed
the error in the computationof the attitudeby a single angular error.
That error was the angle by which the computed coordinate system
had to be rotated about the appropriate Euler axis to coincide with
the true body coordinates.

Since ±’ is a random variable, we ran 100 runs (realizations),
each for 60 s and each starting with a different seed. Along the
time axis the computation was performed every second. We then
averaged the 100 realizations at each time point and obtained the
ensemble average of each error; that is, we obtained

± N’1.tk / D 1

100

100X

j D 1

±’1; j .tk / (14a)

± N’2.tk / D 1
100

100X

j D 1

±’2; j .tk / (14b)

± NO’ .tk/ D 1

100

100X

j D 1

± O’ j .tk/ (14c)

where j denotes the number of the realization and tk denotes the
point in time whereTRIAD and OptimizedTRIAD were performed.
The values of ± N’1.tk /; ± N’2.tk/, and ± NO’ .tk / as function of tk are pre-
sented in Fig. 2, where we observe that ± NO’ is consistently smaller
than the other two functions. We also computed the running time

Fig. 2 Ensemble average of the error associated with A1; A2 , and ÃA.

Fig. 3 Running time average of the ensemble average of the error
associated with A1; A2; and ÃA.

Fig. 4 Ensemble average of the error associated with A1; A2; and ÃA for
a time-varying Atrue.

average of each ensemble average from the beginning of the run to
time tk . In other words, we computed

± N’1;av.tk / D
1
k

kX

i D 1

± N’1.ti / (15a)

± N’2;av.tk / D 1
k

kX

i D 1

± N’2.ti / (15b)

± NO’ av.tk / D
1
k

kX

i D 1

± NO’ .ti / (15c)

The value of ± N’1;av.tk/; ± N’2;av.tk /, and ± NO’ av.tk / as function of tk are
presentedin Fig. 3, where it is once againobserved that OA is superior
to both A1 and A2. In other words, on the average, the Optimized
TRIAD yields better results for the case tested.

B. Dynamic Testing
To examine the in� uence of changing attitude, we repeated the

same runs and computations as described before, with the body
rotating at 1 rpm about an axis N½ de� ned as follows:

N½ D 1
p

3
[Nib; Njb; Nkb] (16)

The results of this case, similar to those for the static test, are
presented in Figs. 4 and 5. It is clear that the Optimized TRIAD
algorithmoutperformsthe TRIAD algorithmfor this test even when
the most accuratelymeasured vector serves as the anchor in the ap-
plication of TRIAD.
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Fig. 5 Running time average of the ensemble average of the error
associated with A1; A2; and ÃA for a time-varying Atrue.

Because the idea behind this algorithm is borrowed from linear
estimation theoryof independentunbiasedmeasurementerrors,one
would expect the ensemble average of the angular error to be zero;
however, as can be seen in Figs. 2 and 4, this is not the case.This dis-
crepancy stems from the fact that the displayed error is not linearly
related to the averaged matrices. Also, the errors in the computed
matrices A1 and A2 are not really independent.

Finally, the vectors v1 and v2 , which are the components of the
two abstract vectors resolved in the reference coordinates, were
constant through all runs, and the angle between the two vectors
was close to 90 deg. To investigate the behavior of the algorithm
for a different separationangle, we chose two new v1 and v2 vectors
with a separation angle close to 45 deg and performed the dynamic
test case.The resultswere similar to thosepresentedin Figs. 4 and 5;
however, the errors of all three algorithms were nearly 25% higher,
as expected.

IV. Conclusions
We have presented a simple TRIAD-based algorithm, which

we call Optimized TRIAD, that consistently outperformed TRIAD
in simulated studies. The algorithm consists of solving TRIAD
twice, once with one vector as the anchor and once with the other
vector as the anchor, weight averaging the two resultant matri-
ces, and orthogonalizing the � nal matrix. The weights are deter-
mined by the statistics of the measuring devices that produced the
vector measurements. The idea behind this algorithm is borrowed
from linear estimation theory of independent unbiased measure-
ment errors. However, although the blending of the two TRIAD-
generated matrices is based on an unbiased minimum variance
formula, the ensemble average of the angular error is not zero be-
cause the error is not linearly related to the averagedmatrices. Also,
the errors in the computed matrices A1 and A2 are not really inde-
pendent.

We have shown empirically that, indeed, the accuracy of the Op-
timized TRIAD is better than that of TRIAD even when the latter
uses the vectormeasuredmost accuratelyas the anchor.Note though
that in this statement we refer to the average performance; that is,
occasionally TRIAD may yield results that are better than those
obtained using Optimized TRIAD, but on the average, Optimized
TRIAD performsbetter.Similar to a Kalman � lter, the properblend-
ing of the better with the worse TRIAD-generated attitude matrices
yields, on the average, a result that is more accurate than the better
of the two TRIAD solutions.

Acknowledgment
This work was performed while Itzhack Y. Bar-Itzhack was on

a National Research Council–NASA Goddard Space Flight Center
Research Associateship.

References
1Black, H. D., “A Passive System for Determining the Attitude of a Satel-

lite,” AIAA Journal, Vol. 2, No. 7, 1964, pp. 1350, 1351.
2Shuster, M. D., and Oh, S. D., “Three-Axis Attitude Determination from

Vector Observations,” Journal of Guidance and Control, Vol. 4, No. 1, 1981,
pp. 70–77.

3Gelb,A. (ed.), AppliedOptimal Estimation, MITPress, Cambridge, MA,
1988, pp. 5, 6.

4Bar-Itzhack, I. Y., and Meyer, J., “On the Convergence of Iterative Or-
thogonalizationProcesses,” IEEE Transactionson Aerospace and Electronic
Systems, Vol. AES-12, No. 2, 1976, pp. 146–151.

Characterization of Ring Laser
Gyro Performance Using the

Allan Variance Method

Lawrence C. Ng¤

Lawrence Livermore National Laboratory,
Livermore, California 94511

and
Darryll J. Pines†

University of Maryland,
College Park, Maryland 20742-3015

Introduction

T HE ring laser gyro (RLG) has become a common instrumentin
strapdown inertial navigation systems for spacecraft and other

aerospace systems. Current RLGs can sense angular rates as low
as 0.001 deg/h. The RLG’s ability to measure angular rate has sev-
eral limitations including lock-in, stability, linearity and alignment
errors. These limitations contribute to the static noise statistics of
the gyro. Static characterizationof RLG performance has received
much attention since its inception.1 Performance tests on the RLG
have revealed many error sources, such as 1) angle random walk,
2) quantization, 3) bias instability, 4) rate angle walk, 5) rate ramp,
6) sinusoidal component, and 7) scale factor nonlinearity.The � rst
three error terms are normally includedas part of the overall perfor-
mance speci� cations of an RLG given by the manufacturer. How-
ever, traditional approaches such as computing the sampled mean
and variance from a measurement set do not reveal the latter � ve
error sources. Although computations of the autocorrelation func-
tion or the power spectral density (PSD) distribution do contain a
complete description of the error sources, these results are dif� cult
to interpret or extract.

This Engineering Note describes the Allan variance method and
its application to the characterization of an RLG’s performance2

under quasisteady state conditions. The method was initially de-
veloped by David Allan of the National Bureau of Standards to
quantify the error statistics of a cesium beam frequency standard
employed by the U.S. Frequency Standards in the 1960s.3 In gen-
eral, the method can be applied to analyze the error characteristics
of any precision measurement instrument. The key attribute of the
method is that it allows for a � ner, easier characterizationand iden-
ti� cation of error sources and their contribution to the overall noise
statistics.This EngineeringNote presents an overview of the cluster
analysis method,4 explains the relationshipbetween Allan variance
and PSD distributionof underlyingnoise sources, and describes the
batch and recursive implementation approaches.

Method of Cluster Analysis
Let angular rate data ! be takenat a rate of fs samplesper second;

thenfroma collectionof N data points,we form K D N=M clusters,
where M is the number of samples per cluster. The second step is
to compute the average for each cluster from the expression

$k .M/ D 1
M

MX

i D 1

!.k ¡ 1/M C i ; k D 1; : : : ; K (1)
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