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Fig.4 Rendezvous trajectory: ODRRCA-based scheme.
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Fig. 5 Round flight trajectory:
combined scheme.
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also small. A cost to pay is the relatively complex two-component
propulsion system needed.

Combined Scheme

This scheme is a combination of the two preceding ones. The en-
tire rendezvous operationis divided into two steps. In the first step,
whichis called the main part and starts at the beginningof the termi-
nalrendezvous,the RRCA-based schemeis applied until the maneu-
vering spacecraftarrives at a designedend distance (for example, 50
m) from the target spacecraft. At this moment the second step, called
the round flight, begins. In this step, the ODRRCA-based scheme
takes the place of the RRCA-based scheme. By properly setting the
sign and magnitude of k near zero, the distance between the two
spacecraft does not change significantly. Rather, the maneuvering
spacecraft flies by the target spacecraft and finally stops at a desir-
able position, determined by the parameter ¢,. The value of ¢, is
assigned by the mission designer. The trajectory in the main part
of the combined scheme is the same as shown in Fig. 3, and Fig. 5
shows the round flight part of the trajectory. The combined scheme
preserves the advantages of the two previous schemes with fewer
complications of the propulsion system.

Conclusions

The RRCA and the ODRRCA are nonlinear control algorithms.
They are, in particular, suitable for the control of the relative mo-
tion between two spacecraftsuch as the tethered satellite maneuver,
space rendezvous,etc. Based on these algorithms, three generalized
control schemes for terminal rendezvous have been proposed: the
RRCA-based scheme, the ODRRCA-based scheme, and the com-
bined scheme. Various rendezvous missions in both circular and
elliptic orbits can be carried out by these schemes with variable-
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thrust or fixed-thrust engines. For a typical terminal rendezvous
started at a separation distance of 100 km, the fuel consumption of
the maneuvering spacecraft with initial mass of 7800 kg is about
175 kg, and the time required to complete the rendezvous is about
220 min. The distance between two spacecraft as well as the dis-
tance rate decrease in an exponential manner, while the rendezvous
trajectory can be placed in a desirable position to meet the mission
requirements.
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Optimized TRIAD Algorithm
for Attitude Determination

Itzhack Y. Bar-Itzhack® and Richard R. Harman'
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Greenbelt, Maryland 20771

I. Introduction

HEN the components of two abstract vectors are given in

two different coordinate systems, it is possible to find the
orientation difference between the two systems. In particular, we
can easily find the transformation matrix from one coordinate sys-
tem to the other. TRIAD'? is an algorithm that does just that. The
process of finding the matrix using TRIAD is as follows. Let w; and
w, denote the column matrices whose elements are, respectively,
the components of the two abstract vectors when resolved in one
coordinate system (typically a body frame), and let v; and v, denote
the column matrices whose elements are, respectively, the compo-
nents of the abstract vectors when resolved in the other coordinate
system (typically a reference frame). The algorithm calls for the
computation of the following column matrices in the body frame:

ro=wi/|wi| (1a)
rXw

2:(1—2) (1b)
[ X w|

r3s =r Xnr (1C)
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and the following corresponding column matrices in the reference
frame:

s1=vi/vil (2a)

5, = (81 xv2) (2b)
st X vs]

§3 =81 X 8§ (20)

Then the attitude matrix A that transforms a vector from the body
frame to the reference frame is computed as follows:

A=ri sl +ry-s]+ry-s) (3)

where T denotes the transpose.

Following the processindicatedin Egs. (1) and (2), we realize that
the vector that is designated first is normalized, but otherwise re-
mains intact, whereas the other vector serves as a means to define
the second vector in the triad pair, which determines the attitude.
There is, therefore, a biased considerationof the two vectors where
the first is given a preference in the determination of A. We say
that the first vector serves as an anchor in the computation of the
transformation matrix. It is, indeed, a good engineering practice to
use the vector measured by the most accurate device as the anchor
vector. For example, it is very logical to use the vector measured
by a star tracker as the anchor when the other vector is measured
by magnetometers. However, we show in this Note that the TRIAD
solution is not optimal, and we develop a new algorithm, called the
Optimized TRIAD, which provides an improved solution.

II. Optimized TRIAD

The accuracy of each vector-measuring device is quantified by
the standard deviation of its error. The vector measured by a star
tracker is assigned a standard deviation smaller than that assigned
to a magnetometer, for example. Borrowing this notion, we assign
a standard deviation to the TRIAD-computed attitude matrix that
corresponds to the standard deviation of the anchor vector used in
computing the matrix. Therefore, the attitude matrix A, in whose
computation vector number 1 is used as the anchor, is assigned the
standarddeviationo,, whichis the standarddeviationof vector num-
ber 1. Similarly, if vector number 2 serves as the anchor, we denote
the computed attitude matrix by A, and assign to it the standard
deviation o, which is the standard deviation of vector number 2.
Actually, because the computation that yields the matrix is nonlin-
ear and is based on both vectors, there is no simple linear relation
between the standard deviation of the anchor vector and that of the
resulting matrix, but because we are concerned only with the rela-
tive accuraciesof A| and A,, the expression of their accuracy by o,
and o3, respectively, well fits our final purpose.

It is well known that when y, and y, are independent unbiased
scalar measurements of an unknown scalar x and their measurement
errors have standard deviations o and o5, respectively, then X, the
linear unbiased minimum variance estimate of x, is given by’

2 2

. 03 o

X = + “4)
U%-l—a%yl U%-l—a%yz

The use of this algorithm implies that we know both o, and o,. We
have to ask ourselves how good the estimate is when this is not the
case. To answer this question, let us assume that we use the wrong
standard deviation s, instead of the correct value o, and, similarly,
we use s, instead of o,. Theninstead of the estimate given by Eq. (4),
we obtain

52 s?
X= + 3)
12_’_‘;%)’1 12_’_‘;22)’2

Defining k; = s3/(s? + 53), Eq. (5) can be written as

X=kiy+ 1 —kp)y (6)
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Fig.1 Relationship between the variance of the estimate and k.

Defining the estimation error e as £ — x, it is easy to show that &2,
the variance of X, is

' =kiot+ (1 —k)’0; @)
or
6% = (O’% + O’%)klz — 202k + o3 8)
Obviously, the minimum (optimal) 62 is achieved when

2
g5

ky = ki op = m ©
Then by substitution of Eq. (9) into Eq. (8), we have
progr o 1% (10)

t
2402

From the definition of k; it is clear that 0 < k; < 1 whether or not
5| and s, are the correctrespective values of | and o,. From Eq. (8)
it is also clear that the curve that describes the functional relation
between 62 and k, is a parabola. Two cases of this parabola are pre-
sentedin Figs. laand 1b. In Fig. 1athereis a big differencebetween
the accuracy of the measuring devices. Therefore, o2 (which, with
no loss of generality, we assume to be the larger of the two) is much
bigger than o3. In Fig. 1b, o7 is close to o'3. From the definition of
k, and the two cases presented in Fig. 1, one can easily arrive at the
following conclusions.

1) When one uses the correct standard deviations in Eq. (5),
kl = kl,np[ andc} = &gp[.

2) Because 0 < k; < 1, then & < o, (assuming, as before, that
o1 is the larger standard deviation).

3) The gain k, depends on the ratio s, /s, and not on s; and s,
themselves.

4) When o, & o,, then for almost any ratio s, /s, one obtains
0 < o, (see Fig. 1b); that is, in this case, the sensitivity of the esti-
mator to a wrong ratio is small.

5) If the ratio s; /s, is not far from the ratio o} /o,, then even when
0, K oy (see Fig. 1a), almost always & < o, and certainly 6 < 0.

We conclude from the preceding analysis that the algorithm of
Eq. (4) is fairly robust to errors in the measurement statistics.

Following Eq. (4), we postulate that given A, with its assigned
standard deviatiqn oy, and A,, with its assigned standard deviation
0,, we can find A’, an estimate of A that is better than either A; or
A,, when using the estimator of Eq. (4); that is,

A 0'2 0'2
A= === A+ 514, (11)
o, +o; o, +o;

An interesting aspect of this estimator [as well as that of Eq. (4)] is
the conclusionthat proper blending of the worse result with the bet-
ter may yield an estimate whose accuracy is greater than that of the
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better (see Fig. 1). Because A’ is aresult of the addition of functions
of two orthogonal matrices, it is not necessarily orthogonal,and thus
is not a legitimate attitude matrix unless it is orthogonalized. How-
ever, because A’ is close to being orthogonal, one orthogonalization
cycle, as described in Ref. 4, suffices:

A =05[A 4+ (A~HT] (12)

Note that the inversionof A’ is an easy task since the inverse of a
3 x 3 matrix can be computed analytically. It is cumbersome, if not
impossible, to prove analytically that A is better than either A; or
A,; however, we can try to show it empirically, as demonstrated in
the next section.

III. Algorithm Testing

A. Static Testing

Inthe statictesting, we chose some fixed attitude matrix, A ., and
the components of the unit vectors v, and v, (two abstract vectors
resolved in the reference system). Then A . was used to transform
v, and v, to the body system. To each component of the latter we
added white measurementnoise drawn from a random number gen-
erator. The added noise was unbiased and had a standard deviation
o = 0.2 for the noise added to the components of the transformed
vy and o, = 0.1 for the noise added to the components of the trans-
formedv,. The noisy columnmatrices were designatedas w, and w.
TRIAD was then applied to the four column matrices as described
in the preceding section, once when vector number 1 was used as
the anchor and once when the other was used as the anchor. This
generated the attitude matrices A, and A, rgspectively, which then
were used in Eqgs. (11) and (12) to generate A" and the optimized or-
thogqnal matrix A. The quaternions correspondingto Ay, A1, Ao,
and A were computed and denoted by @ue, g1, g2, and g, respec-
tively. The error quaternionof each transformationwas computed as
follows:

84 =q" ® Guue (13)

where ® denotes quaternion multiplication. Therefore, when ¢ cor-
responded to g; we obtained dq;, when g corresponded to g, we
obtained 8¢,, and when ¢ correspondedto ¢ we obtained 8q. [Note
that with the choice of Eq. (13) for computing the erroneous quater-
nion, we assume that 8¢ is the transformation quaternion from the
erroneousto the true coordinate system. ] Finally, we extracted from
each dq the correspondingrotationangle §¢. We thus have expressed
the error in the computation of the attitude by a single angularerror.
That error was the angle by which the computed coordinate system
had to be rotated about the appropriate Euler axis to coincide with
the true body coordinates.

Since 3¢ is a random variable, we ran 100 runs (realizations),
each for 60 s and each starting with a different seed. Along the
time axis the computation was performed every second. We then
averaged the 100 realizations at each time point and obtained the
ensemble average of each error; that is, we obtained

100

5@ (1) = 1—00 ;&/)1 o) (14a)
100

832010 = Too ;awz,,m) (14b)
100

56 (1) = 1—00 > 54,00 (14c)

j=1

where j denotes the number of the realization and #, denotes the
pointin time where TRIAD and Optimized TRIAD were performed.
The values of 8@, (%), §¢2(#:), and 8¢ (1) as function of #; are pre-
sented in Fig. 2, where we observe that §¢ is consistently smaller
than the other two functions. We also computed the running time
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Fig.2 Ensemble average of the error associated with A1, A, and A.
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Fig.4 Ensemble average of the error associated with A, A,, and A for
a time-varying A qye-.

average of each ensemble average from the beginning of the run to
time #;. In other words, we computed

1 k
8B (1) = T D 651(1) (15a)
i=1
1 k
8@ (1) = 7 D 55:(1) (15b)
i=1
_ 1< -
86 (1) = T D86 (1) (15¢)

i=1

The value of 8¢, 4, (1), 8¢ oy (#;), and 8¢ ,, (%) as function of # are
presentedin Fig. 3, where it is once again observed that A is superior
to both A| and A,. In other words, on the average, the Optimized
TRIAD yields better results for the case tested.

B. Dynamic Testing

To examine the influence of changing attitude, we repeated the
same runs and computations as described before, with the body
rotating at 1 rpm about an axis p defined as follows:

1 - - -
o = —=lip, jp, k 16
P ﬁ[ by Jbs K] (16)
The results of this case, similar to those for the static test, are
presented in Figs. 4 and 5. It is clear that the Optimized TRIAD
algorithm outperformsthe TRIAD algorithm for this testeven when
the most accurately measured vector serves as the anchor in the ap-
plication of TRIAD.
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Fig. 5 Running time average of the ensemble average of the error
associated with A;, A,, and A for a time-varying A rye.

Because the idea behind this algorithm is borrowed from linear
estimation theory of independentunbiased measurementerrors, one
would expect the ensemble average of the angular error to be zero;
however, as canbe seen in Figs. 2 and 4, this is not the case. This dis-
crepancy stems from the fact that the displayed error is not linearly
related to the averaged matrices. Also, the errors in the computed
matrices A; and A, are not really independent.

Finally, the vectors v; and v,, which are the components of the
two abstract vectors resolved in the reference coordinates, were
constant through all runs, and the angle between the two vectors
was close to 90 deg. To investigate the behavior of the algorithm
for a different separation angle, we chose two new v, and v, vectors
with a separation angle close to 45 deg and performed the dynamic
test case. The results were similar to those presentedin Figs. 4 and 5;
however, the errors of all three algorithms were nearly 25% higher,
as expected.

IV. Conclusions

We have presented a simple TRIAD-based algorithm, which
we call Optimized TRIAD, that consistently outperformed TRIAD
in simulated studies. The algorithm consists of solving TRIAD
twice, once with one vector as the anchor and once with the other
vector as the anchor, weight averaging the two resultant matri-
ces, and orthogonalizing the final matrix. The weights are deter-
mined by the statistics of the measuring devices that produced the
vector measurements. The idea behind this algorithm is borrowed
from linear estimation theory of independent unbiased measure-
ment errors. However, although the blending of the two TRIAD-
generated matrices is based on an unbiased minimum variance
formula, the ensemble average of the angular error is not zero be-
cause the error is not linearly related to the averaged matrices. Also,
the errors in the computed matrices A; and A, are not really inde-
pendent.

We have shown empirically that, indeed, the accuracy of the Op-
timized TRIAD is better than that of TRIAD even when the latter
uses the vector measured most accurately as the anchor. Note though
that in this statement we refer to the average performance; that is,
occasionally TRIAD may yield results that are better than those
obtained using Optimized TRIAD, but on the average, Optimized
TRIAD performs better. Similar to a Kalman filter, the properblend-
ing of the better with the worse TRIAD-generated attitude matrices
yields, on the average, a result that is more accurate than the better
of the two TRIAD solutions.
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Introduction

HE ring laser gyro (RLG) has become a common instrumentin

strapdown inertial navigation systems for spacecraftand other
aerospace systems. Current RLGs can sense angular rates as low
as 0.001 deg/h. The RLG’s ability to measure angular rate has sev-
eral limitations including lock-in, stability, linearity and alignment
errors. These limitations contribute to the static noise statistics of
the gyro. Static characterization of RLG performance has received
much attention since its inception. Performance tests on the RLG
have revealed many error sources, such as 1) angle random walk,
2) quantization, 3) bias instability, 4) rate angle walk, 5) rate ramp,
6) sinusoidal component, and 7) scale factor nonlinearity. The first
three error terms are normally included as part of the overall perfor-
mance specifications of an RLG given by the manufacturer. How-
ever, traditional approaches such as computing the sampled mean
and variance from a measurement set do not reveal the latter five
error sources. Although computations of the autocorrelation func-
tion or the power spectral density (PSD) distribution do contain a
complete description of the error sources, these results are difficult
to interpret or extract.

This Engineering Note describes the Allan variance method and
its application to the characterization of an RLG’s performance?
under quasisteady state conditions. The method was initially de-
veloped by David Allan of the National Bureau of Standards to
quantify the error statistics of a cesium beam frequency standard
employed by the U.S. Frequency Standards in the 1960s> In gen-
eral, the method can be applied to analyze the error characteristics
of any precision measurement instrument. The key attribute of the
method is that it allows for a finer, easier characterizationand iden-
tification of error sources and their contributionto the overall noise
statistics. This Engineering Note presents an overview of the cluster
analysis method,* explains the relationshipbetween Allan variance
and PSD distribution of underlyingnoise sources, and describes the
batch and recursive implementation approaches.

Method of Cluster Analysis

Let angularrate data w be taken at arate of f; samples per second;
thenfroma collectionof N datapoints,we form K = N /M clusters,
where M is the number of samples per cluster. The second step is
to compute the average for each cluster from the expression

1 M
wk(M)zﬁZ:a)(k,l)MM, kzl,,K (1)

i=1
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